The symmetries of a scalar field theory in multifractional spacetimes are analyzed. The free theory realizes the Poincaré algebra, and the associated symmetries are modifications of ordinary translations and Lorentz transformations. In the interacting case, the Poincaré algebra is broken by interaction terms. The Feynman propagator of the scalar field is computed and found to possess the usual mass poles. As a consequence of these findings, the mass of a particle is a well-defined concept at all scales, and a perturbative quantum theory can be constructed.
I. INTRODUCTION
The ultraviolet (UV) completeness of a quantum field theory depends on the geometry and topology of the spacetime it lives in. Swapping Minkowski spacetime with something more exotic can lead to severely different properties of Feynman diagrams, and, in particular, UV divergences may find a cure. Inspired by the observation, done in standard dimensional regularization, that the renormalization group of a quantum field theory changes with the dimensionality of spacetime [1] , one may wonder what happens on nonconventional geometries with noninteger dimension. In an action formulation, this amounts to replacing the Lebesgue measure in position space with a generic (and possibly very "irregular") measure:
Interest in these models is further justified, because the sought-for UV improvement should hold also for quantum gravity, where effective geometry changes with the scale in modern approaches (a phenomenon known as dimensional reduction or dimensional flow [2] [3] [4] [5] ). 1 Early * calcagni@iem.cfmac.csic.es † nardelli@dmf.unicatt.it 1 In the realm of quantum gravity, various are the examples where the effective spacetime dimensionality (whatever "effective spacetime" means in each particular approach) changes with the scale: causal dynamical triangulations (where the spectral dimension d S goes to 2 in the UV) [6, 7] and the cousin model of random multigraphs [8, 9] , asymptotic safety (again, d S = 2 in the UV) [10, 11] , loop quantum gravity and spin foams (where 0 d S 2 in the UV) [12] [13] [14] [15] , Hořava-Lifshitz gravity (d S = 2 in the UV) [16] [17] [18] , noncommutative geometry at both the fundamental and effective level [19] [20] [21] [22] [23] , nonlocal superrenormalizable quantum gravity [24] [25] [26] [27] , and other approaches [28] [29] [30] [31] . Although there is the perception that dimensional flow and fractal geometry are tightly related to the UV finiteness of all these candidates, the nature of such a relation greatly varies from case to case and is still to be fully understood. Controlling dimensional flow and UV finiteness in a field-theoretical context, eventually drawing a lesson from that and attempting to apply it to quantum gravity, partly motivates the present work.
attempts to formulate field theories on fractal spacetime date back to the 1970s and 1980s [32] [33] [34] [35] , but since then little progress has been made due to severe technical challenges stemming from Eq. (1) [4, [36] [37] [38] . In fact, not only Poincaré symmetries are broken, but also the continuous texture of spacetime. Recently, it was proposed to tackle the problem in a continuum framework where the measure in (1) is a factorizable measure found in fractional calculus [23, [39] [40] [41] [42] [43] [44] (overviews and a review are in Refs. [45] [46] [47] ). Fractional measures are known to describe random fractals and to approximate measures on deterministic fractals [48] [49] [50] [51] [52] [53] [54] [55] ; they have anomalous scaling properties directly leading to an effective dimension of spacetime different from its integer topological dimension D. Fractional measures not only allow one to define a momentum space and a transform between this and position space, but they are also naturally prone to generalization to multiscale geometries (in particular, Refs. [42, 44, 46] are devoted to dimensional flow in fractional spacetimes and other approaches). Progress in and applications of the model are ongoing but still at an early stage. For instance, powercounting renormalizability is easy to prove for a scalar field theory with integer-order d'Alembertian and an arbitrary perturbative potential [40] , and applications to particle-physics phenomenology are promising [56] , but the quantum theory was not analyzed in detail. In particular, fractal geometry modifies symmetries, Noether currents, and unitarity of a scalar field theory [37] , but what happens exactly for a fractional measure is not clear. The study of quantum mechanics on fractional spacetimes suggests that unitarity be violated in a controllable way [43] , but little else is known about quantum fractional systems. Because of breaking of Poincaré invariance, it is not even obvious that the concepts of mass and spin for a particle field still make sense. Only after answering these and other elementary questions could one attempt to extract phenomenological consequences and continue the investigation of renormalization properties.
The purpose of this paper is to discuss the symmetries and quantization of a scalar field theory on multifrac-tional Minkowski spacetime and to find the propagator. Fractional spacetime and its generalization to generic factorizable measures are reviewed in Secs. II A and II B. In Sec. II C, we construct the multiscale version of fractional Minkowski spacetime by using a new factorizable Ansatz, differing from the definition in Refs. [40, 42, 45] but sharing the same properties, which we shall analyze. The great advantage yielded by a factorizable version of the multifractional measure is to permit a well-defined momentum space and "Fourier" transform and, hence, an automatic extension of the fixed-scale results to a geometry with dimensional flow.
We begin the analysis of the scalar field theory with a discussion of the symmetries at the classical level (Sec. III). Somewhat against intuition, the free theory does admit a symmetry with generators satisfying the ordinary Poincaré algebra. Consequently, under the assumption of the adiabatic switching of the interaction, it is still possible to define mass and spin of a particle as the (asymptotic) eigenvalues of the Casimir operators of a suitable representation of the Poincaré group. The generators of this algebra, however, do not correspond to usual Poincaré transformations, which are "deformed" by nontrivial measure factors. The classical interacting theory is worked out in Sec. IV. The energy-momentum tensor and the other Noether currents are not conserved, and the algebra in the infinite-dimensional representation is broken. Noether currents for the general case of a Lebesgue-Stieltjes measure were obtained in Ref. [37] . However, here we point out that only measures admit a clean treatment, while that of Ref. [37] should be regarded as qualitative. In Sec. V, we quantize the free field and show how creation and annihilation operators also exist on fractional spacetimes. The Feynman propagator in both position and momentum space is then found. All these results are valid, in particular, for factorizable multifractional as well as log-oscillating measures. Section VI is devoted to discussion.
II. MULTISCALE MINKOWSKI SPACETIME
We begin with fractional Minkowski spacetime M D α with fixed dimensionality, later moving to the context of the multiscale generalization, which is straightforward at the level of position space. 
where Γ is the gamma function and α µ are D real parameters ("fractional charges") in the range 0 < α µ ≤ 1. In the simplest "isotropic" case, α µ = α are all equal. Complex fractional charges are also possible, and their rich effects on the geometry are discussed in Refs. [23, 40, 45] . The geometric inequivalence between free fractional and integer theories is first illustrated by the Hausdorff dimension. The latter can be inferred from the scaling law of the measure:
where it is implicit that the dimensionality of coordinates x is fixed; in particular, [x µ ] = −1 in momentum units, for all µ. In the isotropic case, d H = Dα. The Hausdorff dimension can be determined also by the scaling of the volume of a D-ball with radius R:
As noted in Sec. 3.5 of Ref. [39] , one can call q µ = ̺ α (x µ ), obtain the Lebesgue measure d D q, and calculate the volume of the ball in q coordinates; the final result, with the original length units, is clearly the same. The reason is that reparametrizations do not modify the momentumspace structure of the theory, which is defined so that coordinates x have length dimension (therefore, q coordinates have anomalous scaling by definition). This guarantees, in general, that fractional measures represent nontrivial geometries. The scaling laws (3) and (4) can be found in phenomenological models of fractal or porous media [57] [58] [59] and are typical of measures on mathematical sets with fractal geometry [60] and of Lebesgue-Stieltjes measures [4, 61] , of which fractional measures are a special case. As mentioned in the introduction, in fact, fractional measures do represent fractal geometries, either under certain approximations or exactly [54, 55, 62] .
The geometry of fractional spacetimes is further characterized by the spectral dimension d S which, together with d H , determines the scaling of correlation functions. In that case, the existence of a probability density function P governing a diffusion process on these spacetimes, together with the self-similar scaling property of P , shows that a test particle diffuses anomalously in fractional spacetimes [39, 42] , as it happens on fractals and various complex media [63] . These properties are well known in anomalous transport systems, where they find several applications [63] [64] [65] [66] . On the other hand, diffusion is normal in ordinary spacetimes, and d H = d S = D in the absence of curvature.
Minkowski fractional spacetime can be equipped with generalizations of the Laplace-Beltrami (or d'Alembertian) operator
x . In general, one can devise self-adjoint operators "∂ 2γ " of fractional order 2γ [42] . Here we choose the second-order operator [41] 
which is self-adjoint with respect to the natural scalar product. By adopting K α , integrations by parts are considerably simpler, and there are no nonlocal effects. Also, the propagator will turn out to have only poles (i.e., particle modes), not branch cuts [40] , where one would see quasiparticle modes of unclear physical interpretation (related to nonlocality). With a second-order operator, the theory can have a UV critical point associated with a two-dimensional spacetime and power-counting renormalizability; this is a good signal that the field theory has improved UV properties, which should be verified by explicit renormalization techniques. Power-counting renormalizability in general fails for theories with fractional Laplacians, although renormalizability in those cases is not excluded, either. The natural exterior derivative on spaces endowed with the Laplace-Beltrami operator (5) is suggested by the form of the weighted derivatives D µ :
where d is the ordinary differential defined as
Multiplying the members of Eq. (7) by 1/ √ v α to the left and √ v α to the right, we obtain
Notice that the right-hand side features the ordinary differential of the coordinates, so that one can keep using the ordinary differential for all purposes. Equations (7) and (8) give a differential structure obviously different from the one of fractional spaces with noninteger derivatives [39] , where the fractional exterior derivative [67, 68] is employed. Momentum space has the same structure of M D α except that its measure may be different, v α ′ (k) possibly with α ′ = α. Noting that the eigenfunctions of K α can be normalized as (here
we can find an invertible momentum transform [41] :
If α ′ = α, F v is an automorphism. Unitarity of the transform is guaranteed by the integral representation of the fractional delta distribution,
generalizing the Dirac distribution and the concept of pointwise source in fractional spacetimes. Extended localized sources can be packed through weighted Gaussian distributions (D = 1 example)
e., square integrable on the real axes with fractional measure
i.e., it is differentiable infinitely many times with respect to the weighted derivative D.
The momentum transform (10) applied to H σ (x) induces a momentum Gaussian distributioñ
with a variance σ ′ which is dual to that of H σ (x), namely, 4σ ′ = 1/(4σ). The momentum transform (10) preserves the Parseval identity, and
as one can easily check.
The Fourier transform of H σ (x) defining the momentum Gaussian distribution can be interpreted as a fractional integral of an exponential generating function of the type h(x; σ, k) = e −x 2 /(8σ)−ikx . As such, in the spirit of Wilson [1] , any integral of any (suitably well behaved) function can be obtained by using differentiation with respect to k and/or σ. With this procedure, Feynman diagrams can be defined as functionals (e.g., Ref. [33] ) on a space of rapidly decreasing functions
Starting from H σ (x), a complete basis of S ̺ (R) can be easily obtained, either by multiplication of H σ (x) by suitable polynomials (Hermite) or by an arbitrary number of weighted derivatives acting on
with respect to the L 2 ̺ (R) topology, the same set of functions serves also as a complete basis for L 2 ̺ (R).
B. Generalization to factorizable measures
Unless we want to compute the Hausdorff or spectral dimension or solve dynamical equations, we can be less specific about the form of the measure weight v α [41, 43] and ask only for two properties:
(1) The measure weight must be factorizable in the coordinates:
where the D functions v µ can be all different. To avoid confusion later with spacetime indices, we denote the spatial part with no index as v(x).
(2) The measure weight must be positive semidefinite (as before, the subscript µ in the weight is not a vector index):
A third condition, that v 0 = v 0 (|t|) is even in time, is not necessary here, although it guarantees a unitary limit for the S-matrix in quantum mechanics [43] .
With general measure, we denote the Laplacian K α simply as K v and the delta distribution δ α as δ v . Momentum-space measure dτ (k) = d D k w(k) can be functionally different from the one in position space, but to lift the burden from the notation we shall use the same symbols,
We still call these spacetimes "fractional," in the broader meaning of "factorizable."
C. Multifractional and log-oscillating spacetimes
Fractional spaces have fixed dimensionality, and, unless α = 1, they do not describe the geometry we observe. To get a physically viable setting, it is necessary to let the effective dimension change with the scale. Mimicking the definition of self-similar measures of multifractal geometry [69, 70] , one considers linear superpositions of fractional measures on a discrete set of charges α n [40, 42] . In one dimension, we have
where h n > 0 are couplings with dimension (length)
and N is finite. They define N regimes where the Hausdorff dimension is approximately constant and given by d H ∼ α n . The simplest case of dimensional flow is realized by binomial measures, where N = 2 and there is only one fundamental scale.
In Refs. [40-42, 45, 46] , the following generalization to D topological dimensions was adopted:
The sum is performed over D-dimensional measures: The idea is that a multifractal in a given D-dimensional embedding be realized by taking "snapshots" at different scales. Each snapshot corresponds to a fractal with fixed Hausdorff dimension [i.e., a fractional space with measure (2)]. Unfortunately, the measure (18) is the sum of factorizable measures, so it is not factorizable and hinders the construction of an invertible momentum transform.
Here we change the way snapshots are taken, and, rather than choosing the multiscale generalization of the D-dimensional measure, we generalize to D dimensions the one-dimensional multiscale measure. Therefore, we consider the product of D multifractals in onedimensional embeddings:
where (18) represents all the diagonal terms of v * . This prescription is now factorized and all the momentum-space formalism, the form of Laplacians, of quantum operators, and so on, will be valid for v = v * . Equation (19) with g n replaced by some g (µ)
n was briefly mentioned in Ref. [41] , but there it was not welcomed on the ground that the dimensionality along each direction would flow independently, while one might expect that a given D-dimensional configuration evolves as a whole throughout the probed scales. However, anisotropic dimensional flow is conceivable in its own right a priori, and, if one wants an isotropic change of geometry, it is sufficient to take the couplings g (µ) n = g n for all µ. Thus, there is no conceptual problem with (19) and its anisotropic counterpart.
One might still wonder about the effect of the "offdiagonal" terms ∆v = v * − v diag , but they are subdominant along each direction with respect to the diagonal part v diag . They change only the slope of the measure weight; this slope can be adjusted by tuning the magnitude of the couplings. Figure 1 shows a twodimensional binomial (n = 1, 2) example with α 1 = 1/2 and α 2 = 1. Here v * = (1 + |x| −1/2 )(1 + |y| −1/2 ) and v diag = 1 + |xy| −1/2 . As one can see, from the point of view of measure behaviour, little changes qualitatively.
One can also check that (19) gives the correct dimensional flow by computing the Hausdorff dimension d H and the spectral dimension d S . The calculation of d H and d S in the factorizable multifractional case is very similar to the one in Refs. [40, 47] and Ref. [42] , respectively. For the reader's convenience, here we recall the result for the Hausdorff dimension for a binomial measure and in the isotropic case. For simplicity, we consider one topological dimension, D = 1, and a configuration where the geometry reduces to the standard one at large scales. The binomial measure is then v * (x) = 1+|x/ℓ * | α * −1 /Γ(α * ), where 0 < α * < 1 and ℓ * is some fixed length, a scale characteristic of the geometry which precisely discriminates between "small" and "large" distances. The volume of a ball can be calculated as before [Eq. (4)], yielding (the prefactors are the volumes of unit balls)
The result is easily generalizable to D dimensions, with the care that for the factorizable measure there are also unimportant cross terms. Thus, we can identify two geometric regimes. In the isotropic case, these are
Given a probing scale ℓ, the Hausdorff dimension runs
We conclude with yet another generalization, when the fractional charges in Eq. (19) are promoted to complex parameters, α → α + iω [23, 40, 45] . Measures of this type can be rendered real by combining conjugate pairs of weights, thus generating an oscillatory pattern periodic in ln(|x|/ℓ ∞ ), where ℓ ∞ is a fundamental scale which can be identified with the Planck length [23] . In one dimension, these measures are of the form
where A and B are real. Log-oscillating geometries occur frequently in chaotic systems [71] and are characteristic of self-similar fractals [72] . In fact, complex fractional calculus is a better approximation of deterministic fractals than real-order calculus [55] , and, in this sense, it may be regarded as a more complete description of anomalous geometries. Moreover, complex measures associated with deterministic fractals can have concrete physical applications in, for instance, quantum systems and statistical mechanics [73] [74] [75] . Log-oscillating measures are endowed with discrete symmetries. Because of this and the natural presence of a fundamental scale, when applied to spacetime itself they give rise to a rich hierarchy of scales and geometry regimes with intriguing physical interpretations [23, 40] . In the present work, we mention only that we can let oscillating measures fall in the category of positive factorizable measures (15) and (16) 
Then, v α,ω ≥ 0, and one can include in the forthcoming discussion alsō
where g αn,ω l > 0.
The results of Ref. [43] on quantum mechanics in anomalous spacetimes are thus valid also for multifractional and log-oscillating measures when selecting (19) and (23) .
III. CLASSICAL SCALAR FIELD THEORY A. Fractional and integer pictures
A scalar field with potential V living in factorizable (and, in particular, multifractional) Minkowski spacetime is governed by the action
where in the last step we took advantage of the weights in D to integrate by parts and obtain a quadratic form. In the integration by parts, boundary terms evaluated at x = ±∞ can be omitted by requiring suitable asymptotic behaviour of the fields, whereas possible boundary terms at x µ = 0 vanish under the assumption of continuity of
Notice that, by defining
for a power-law potential V (φ) ∝ φ n the action (24) becomes
which is an action in ordinary spacetime but with a nonautonomous (i.e., explicitly coordinate-dependent) potential. The quadratic potential (n = 2, mass term) does not have any nonautonomous factor, and in the free (quadratic) Lagrangian the fractional measure can be completely reabsorbed in a field redefinition. We say the theory (24) expressed in fractional spacetime to be in the "fractional" or "scalar density picture," while the one in the field variable ϕ is in the "integer" or "scalar picture." To justify these names, we notice that φ is a scalar with respect to the symmetries of ordinary spacetime, but it is a scalar density of weight −1/2 from the point of view of fractional spacetime (so ϕ is a genuine scalar).
Consider first a generic field f (x) in ordinary spacetime and an infinitesimal coordinate transformation x → x ′ = x+δx. As is well known, for the field f two distinct transformations can be defined. The first is the functional transformation f (x) → f ′ (x) := f (x) + δf (x), which is the field transformation evaluated at the same point. This is the field variation used to recover the EulerLagrange equations of motion. The complete transformation δ 0 f (x) should also take into account the corresponding coordinate transformation, namely,
. This transformation typically defines the "type" of field under the specific transformation δx. For example, in Minkowski spacetime all the fields are usually taken to be scalars under translations, whereas under Lorentz transformations they can be scalars, spinors, vectors, and so on. Clearly, for infinitesimal transformations the following relation holds:
If f = ϕ is a scalar field under translations, δ 0 ϕ = 0. In ordinary spacetime, x ′ µ = x µ + δx µ = x µ − ǫ µ is a translation (ǫ is constant) and in this case the interpretation of Eq. (27) is that the functional variation δϕ(x) should compensate the original coordinate transformation to guarantee δ 0 ϕ = 0. The (infinite-dimensional) Hermitian generator of translations in Minkowski spacetime is the operatorp µ = −i∂ µ . Accordingly, the unitary infinite-dimensional representation of translations ǫ µ is given byŪ ǫ := e 
As expected, the above transformation is precisely the one needed to compensate the coordinate transformation x → x− ǫ, so that ϕ is indeed a scalar under translations:
The infinitesimal version of (28) is δϕ(x) = ǫ µ ∂ µ ϕ(x), and since δx µ = −ǫ µ , (27) gives
This is the definition of scalar field under translations.
In factorizable spacetimes with measure weight v(x), the operatorp µ = −i∂ µ is not self-adjoint with respect to the natural scalar product. The self-adjoint derivative operator is rather [see Eq. (5)]
This is the generator of "fractional translations," so that their unitary infinite-dimensional representation is [43]
The action of a fractional translation on a scalar function φ(x) can be easily inferred from Eq. (25), leading to
In infinitesimal form, expanding (32) up to O(ǫ),
so that
and, as anticipated, with respect to translations in fractional spacetimes, φ is a scalar density of weight −1/2.
Equations (29) and (33) are mutually consistent, because δ is a field (not coordinate) variation, and δϕ = δ( √ vφ) = √ vδφ. It also follows that δ∂ µ ϕ = ∂ µ δϕ and
In the next sections we will employ only the scalar density picture, which is the fundamental one, leaving parallel calculations in the integer picture to the Appendix.
B. Functional variations and equations of motion
In fractional spaces, functional derivatives δ v should be such that
leading to the relation
for any function η(x).
[If the functional is integrated only on spatial coordinates, then the prefactor is 1/v(x).] As an important note of caution, we stress that, although Eq. (37) is formally (i.e., as a local limit) ill defined at the measure singularities [if any, as x = 0 in the original fractional case (2)] and zeros, both the scalar and fractional formulations of the theory are well defined, because (37) is in the sense of distributions and measure factors cancel one another.
Functional Taylor expansions are independent from the picture adopted (fractional or integer): For any functional A,
where in the last equation we made use of (37). Consequently, distinction between ordinary and fractional variation is immaterial for the equations of motion, since δ v S = 0 implies δS = 0 including at measure singularities, if any. Eventually, using (35) one finds
that is,
C. Free theory: Poincaré symmetry
Fractional spacetimes break translation invariance, and, consequently, ordinary momentum is not conserved. In spite of this fact, it is possible to define mass and spin for a free particle and a propagator whose poles in momentum space are precisely the masses of the one-particle states. Clearly, consistence with translation noninvariance requires that the momentum operator is not the usual translation generator. On the other hand, mass and spin can be unambiguously defined only for theories where the generators satisfy the Poincaré algebra. This is precisely the route we shall follow: (i) Find the infinite-dimensional representations of operatorsP and J satisfying the Poincaré algebra
(ii) find a vector space whereupon these operators act; (iii) find the eigenstates ofP 2 andŴ 2 (whereŴ µ = ǫ µνρσP νĴρσ /2 is the Pauli-Lubanski pseudovector). For a local relativistic theory, there is the further requirement that the vector space found in (ii) be invariant under representations ofP andĴ.
It turns out that the fractional free theory does admit a Poincaré algebra (41) . The only difference between the standard case and fractional spacetimes is that the operatorsP andĴ will not generate ordinary Poincaré transformations but something slightly more exotic. In the interacting theory, these deformed Poincaré transformations will be further modified, and the Poincaré algebra will be broken.
We show that we can identify the generators in (41a) with the ones defined in (30) . In fact, it is immediate to verify that the latter commute, so that (41a) is satisfied. Furthermore, in the action (24), the kinetic term and a mass term (quadratic potential) are invariant under the action of the transformations (32) . These are immediate consequences of the transformation properties of φ described in Sec. III A. From (41a), [U ǫ ,P µ ] = 0, and hencê
where in the last step we made explicit the coordinate dependence ofP . Therefore, an action with a kinetic term of the typeP µ φP µ φ is invariant under (32):
A mass term is also invariant, sincê
Consequently, the fractional translation operatorsP do indeed generate transformations which are symmetries of the free action. Higher-order potentials are not invariant under fractional translations. Fractional Lorentz transformations are generated by the operator
As before, this operator is not associated with ordinary rotations and boosts, which are generated by νρ := x νpρ − x ρpν . From the commutation relations betweenp and, it follows immediately that Eq. (41b) holds. 2 The same route leads to verification of (41c).
The action of a fractional Lorentz transformation on a field φ(x) is defined by φ ′ (x) = U ω φ(x), where U ω is the infinite-dimensional unitary representations of the fractional Lorentz transformationsĴ with parameters ω:
Equation (46) . It is not difficult to verify that the action (24) with quadratic potential is indeed invariant under the transformation generated by (46) . This is a consequence of the counterparts of Eqs. (32) and (42) 3 :
2 A direct calculation is lengthier. One shows thatPµĴνρφ = −iηµνPρφ + xνPµPρφ, whileĴνρPµφ = xνPρPµφ. Taking the difference of these expressions and using (41a), one obtains Eq. (41b). 3 For instance, the first expression can be verified as follows:
We omit the direct calculation, which is based on the infinitesi-
where
Although the Lorentz transformation on the coordinates are the usual D × D matrices, the free action is invariant under the fractional representation of the Poincaré group via the operatorsP µ andĴ µν .
Since a scalar field has vanishing spin, the study of Lorentz transformations and related invariants does not add more information on the fields. Classically, all the Noether invariants associated with Lorentz transformations can be written solely in terms of the energymomentum tensor (the angular momentum is purely orbital). Quantum mechanically, a scalar field generates states that belong to the trivial representation ofŴ 2 . Consequently, from now on we shall concentrate mainly on the transformations generated byP .
D. Energy-momentum tensor
The derivation of the energy-momentum tensor highlights the subtlety in the transformation property of the scalar density φ. In the following, we denote
Consider a coordinate and field transformations x → x + δx, φ → φ + δ 0 φ. Then,
where in the next-to-last step we used the generalization of Eq. (33) to an arbitrary coordinate transformation, δφ = −δx ν D ν φ, and we defined
In ordinary Minkowski spacetime, the energymomentum tensor satisfies a continuity equation ∂ µT µ ν = 0 by virtue of the fact that translation is a symmetry of the system, δ 0 S = 0. This does not happen in the fractional case. In fact, for a translation, δx µ = −ǫ µ is constant, and one ends up with
The left-hand side does not vanish because S is not left invariant by a coordinate transformation due to the potential:
Equating (52) to (53) and due to the arbitrariness of ǫ ν , we obtain
Equation (54) is not yet in its final form. In fact, the components of T µ ν are scalar densities with weight −1 with respect to translations (they are bilinears of scalar densities of weight −1/2). Thus, it follows that the natural derivative acting on them in fractional spaces iš
Taking this on board, the continuity equation readš
Therefore, T µ ν is not conserved in the usual sense even in the free theory (n = 2), when the right-hand side of Eq. (A.6) vanishes identically but the derivative in the left-hand side still carries a hidden self-source term.
Integrating (56) on a spatial slice, with appropriate (vanishing) boundary conditions of the fields at spatial infinity, we obtain the conservation equatioň
where the momentum D-vector P ν is defined by
and d̺(x) = dx v(x). The explicit components read
As expected, the fractional momentum is never conserved in time, not even for a quadratic potential [that makes the right-hand side of (57) vanish]. In particular, for ν = 0 the fractional Hamiltonian H is not conserved in time due to dissipation from the fractional measure.
IV. INTERACTING THEORY: DEFORMED POINCARÉ ALGEBRA
In this section we show that the time-space translation algebra does not close. The same type of steps lead to an analogous conclusion for Lorentz boosts and rotations. Therefore, in the free theory there is an accidental Poincaré invariance which is broken in the interacting case.
Equal-time fractional Poisson brackets are defined as
which imply the following canonical fractional Poisson brackets:
There follows the relation
where it is understood that the brackets in the rightand left-hand side are computed via the conjugate pair (φ, π φ ) and (ϕ, π ϕ ), respectively, where π ϕ =φ = √ vπ φ . Canonical fractional brackets allow us to write the equations of motion as Hamilton equations, showing that H is the canonical generator of fractional time translations:
The first equation coincides with (61) , while the second is the equation of motion (40) . A cross-check can be done by using the scalar picture described in the Appendix: Comparing (A.9) with (65) reproduces condition (64) . Similarly, from Eqs. (60) and (62) it immediately follows that
so that indeed the momentum P ν associated with the Noether current is the generator of weighted derivatives through fractional Poisson brackets:
Finally, we shall verify under which conditions the momentum algebra is satisfied. Clearly, {H, H} v = 0 by antisymmetry. The bracket {P i , P j } v can be made to vanish under suitable boundary conditions of the fields at infinity. In fact, it is a boundary term: From Eqs. (62) and (60), we get
The mixed bracket in general does not vanish. By using Eqs. (62), (59), (60), and (40), it can be written, on shell, as
This last bracket does not vanish in fractional spaces, spoiling the momentum algebra of the general theory.
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This is not surprising, since the theory is not translation invariant. In such a case, the physical interpretation of the quantum theory could be troublesome. The mass of a particle state is the eigenvalue of the operator −P µ P µ only if P µ satisfies the Poincaré algebra, and, consequently, it would be unclear what a theory describes at the quantum level if Poincaré symmetry were missing. Fortunately, this is not exactly the case we are considering, and we are in an intermediate position: Perturbation theory can be consistently defined. In a quantum theory, perturbative particle states are generated by creation operators in a spacetime region where the interaction is adiabatically switched off. This means that, to clearly identify (and label) the physical parameters characterizing a particle (such as its mass and spin), it is understood that the particle should be free: There exist asymptotic quantum field operators φ in and φ out satisfying free equations of motion, and the physical Hilbert spaces is built through repeated action of asymptotic (free) creation operators on the vacuum. "Free fields" means fields with quadratic potential and, from Eqs. (69), (56) , and (57), it follows that
which does vanish for V ∝ φ 2 . The momentum algebra closes for free theories, and asymptotic quantum states can be unambiguously defined.
At this point, the physical interpretation of the system enters into a sharper focus. Having established that fractional integrals approximate certain fractal sets (Sec. 4.4 of Ref. [39] ) and following the physical interpretation of fractional integrals given in classical mechanics (Sec. 2.6 of Ref. [39] ), we end up with a two-part physical system. Fractional mechanical systems are dissipative [43, [76] [77] [78] [79] [80] , where the order α is the fraction of states surviving at a given time. These states can be imagined to be distributed inside a fractal F , while states located outside F are lost. The same picture holds in fractal spaces or spacetimes, in particular in the fractional realization. Here, an observer lives inside fractional Minkowski spacetime M D α (with nontrivial measure weight), in turn embedded in the ambient space M D (the bulk, with ordinary Lebesgue measure), Minkowski space. According to the observer (fractional picture), the integer Poincaré algebra is deformed and Noether charges are not conserved; at the quantum level, this corresponds to a loss of unitarity (see also [43, 76] ), parametrized by the fractional charge α. Energy and information are lost in the bulk. From the perspective of the ambient space (integer picture) this is an exchange of energy or information between different parts of a nonautonomous, nonconservative system. This differs from the interpretation of the Lebesgue-Stieltjes model of [37] , where this macrosystem was regarded as conservative. Because of the greater level of control over all the details of the algebra, the present interpretation supersedes the one in Ref. [37] . In multifractional spacetimes, varying the scale is equivalent to varying α, so any relative change of probability between two scales ℓ and ℓ ′ will be reflected in a change of magnitude in the dissipation effect.
V. QUANTIZATION OF THE FREE THEORY AND FREE PROPAGATOR
We shall consider the free case, with potential V = 1 2 m 2 φ 2 . Then, the momentum algebra is satisfied, and P µ can be interpreted as momentum and −P µ P µ as the mass operator. Nonetheless, as a quantum operator,P µ cannot be associated with the derivative operator ∂ µ but, rather, to −iD µ ; see Eq. (30) .
Since the functions (9) are eigenstates ofP µ = −iD µ , it is natural to decompose the field φ(x) according to (10) . Then, the fractional equation of motion D µ D µ φ(x) − m 2 φ(x) = 0 is mapped into an algebraic equation which is indistinguishable from the corresponding equation in usual nonfractional scalar theory, (p 2 + m 2 )φ(p) = 0, whose obvious solutions arẽ
Here ω(p) := p 2 + m 2 , and φ(p) = φ(p 0 , p) is an arbitrary function evaluated on the support p 2 + m 2 = 0. The inverse momentum transform (10) gives the field decomposition.
The canonical conjugate momentum is π φ (x) = D t φ(x), so that, from Eqs. (25) and (9), we have
and
According to our conventions on fractional integrations when only space variables are involved, v (p, x) is defined and normalized in such a way that
In fractional spaces the correspondence principle relating the commutator of two quantum operators in the Heisenberg picture and the fractional canonical bracket of the corresponding classical observables is [see Eq. (64)]
leading to the canonical equal time commutators ( = 1)
with the other commutators vanishing. This implies the algebra
[a(p), a(p
Accordingly, the pair (a(p), a † (p)) has the same interpretation of annihilation and creation operators in fractional spaces as in usual Minkowski spacetimes. Introducing the fractional vacuum state |0 v as the only eigenstate of the operator a(p) with a vanishing eigenvalue, it is possible to create a Fock space through repeated action of a † operators on the vacuum state, a
Such states are eigenstates of the (normal ordered) momentum operator
with eigenvalues p ν = (
The normalization of the one-particle state
The presence of the factors 1/ v 0 (t) in Eqs. (72a) and (72b) is important. In the definition of φ, this factor is necessary to render v(x) φ a free scalar field in Minkowski spacetime [see Eq. (25)]; the remaining v(x) factor simplifies the corresponding weight hidden in the definition of v (p, x). Concerning π φ , the same factor makes the definition of conjugate momentum as weighted derivative,
, consistent with the integer-picture commutators (see the Appendix, Sec. 3, for details).
Finally, the Feynman two-point function is
where T denotes the chronologically ordered product, integration is over the D-dimensional momentum space, −iǫ in the integrand enforces the causal prescription, and G is the ordinary propagator in integer spacetime. The v (k, x) functions in (80) are those in Eq. (9), which are eigenfunctions of the operator −iD µ with eigenvalue k µ . Consequently, from (11) it follows that (80) is a solution of the (fractional) Green equation
Equation (80) states that the propagator in position space is the usual one times a measure prefactor. The pole structure of Eq. (80) is identical to the standard case, since the momentum-space measure is reabsorbed by the normalization of the v (k, x). Therefore, we have the usual mass poles irrespective of the form of the measure, i.e., both in the fractional case (2) for any α and in the multifractional case (19) . This means that the concept of particle field with mass m is meaningful in multifractional spacetimes and valid at any scale, throughout the whole dimensional flow. Contrary to other approaches such as asymptotic safety [10] and the Lebesgue-Stieltjes toy model of Refs. [4, 37] , the propagator in position space is not logarithmic at the UV critical point, where the dimension of spacetime is 2. On the other hand, in Lifshitz-type theories, where higher-order spatial derivatives are present and dominate at different regimes, the k 0 (and hence pole) structure of the propagator remains the same at all scales [16, [81] [82] [83] [84] , as in multifractional models (see [44] for a comparison with asymptotic safety and Hořava-Lifshitz spacetimes).
Notice also that Eq. (80) can be regularized and then expressed as the integral of a probability density function, as in the integer case (e.g., [85] ). In Euclidean signature, the kernel
provides the regularized correlation function
One recognizes u as the solution of the diffusion equation with nonanomalous diffusion time describing the ordinary Brownian motion of a point particle from point x to point y [42] . It is the ordinary Gaussian distribution of a Wiener process times a measure prefactor.
VI. DISCUSSION
After studying the symmetry structure of a classical scalar field theory in multifractional Minkowski spacetime, we have quantized the field in terms of creation and annihilation operators and found the Feynman propagator. Although ordinary Poincaré invariance is broken, there exists a Poincaré algebra of generators of symmetries for the free theory, which makes it possible to define the concept of mass as in ordinary spacetimes. Factorizability of the coordinate dependence of the measure [Eq. (15) ] is crucial for consistency. A facultative tool one can employ is the formal equivalence, at the level of the action in position space, between systems in fractional spacetimes and a class of nonautonomous systems with ordinary measure d D x, where a certain explicit coordinate dependence is present in the Lagrangian. At least for a scalar field theory, multifractal spacetimes provide a physical and geometric interpretation of a quantum field theory with spacetime-dependent couplings.
Multifractional measures can be defined as factorizable, thus entering the picture automatically and providing an important extension of the work done here and previously. All the results are then applied not only at a given scale [v(x) = v α (x), Eq. (2)], but at any scale as well [Eq. (19) ]. As we pointed out in the previous section, the mass poles in the propagator persist all the way through the deep UV (α → 2/D, Hausdorff dimension d H = 2) where geometry, however, is nonconformal. If we started with a Lagrangian with a fractional kinetic term of order 2γ, the eigenvalue −k 2 in the propagator would be replaced by −k 2γ := |k [42, 47] . This would give rise to a branch cut and a continuous spectrum of quasiparticle modes, thus rendering the interpretation of the quantum theory far less traditional than the present one with a second-order kinetic term. The study of quantum interactions and of the renormalization properties of fractional scalar field theory will be the next natural step.
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Appendix: Integer picture
All the results of the paper can be recast in the scalar (or integer) picture after the field redefinition (25) . Before doing so in this Appendix, we stress that one cannot abandon the knowledge of the nontrivial position measure after the trick (25) . Volume integrals, inner products and many other ingredients of the theory are consistently defined before any field redefinition. The free theory is only formally identical to the integer one, because as soon as one looks into details in the model one recognizes that there are differences even in the absence of interactions; some of these differences are discussed below Eq. (4), others in Ref. [43] . Here we recall only that the definition of the action symmetries and of the position coordinate scaling (and, hence, of a nontrivial momentum space) fixes once and for all the geometry and scale identifications. Thus, even if one can get rid of the measure weights at the level of the free action in the present model of fractional spacetimes, 6 one cannot forfeit the geometric structure of the model tout court. Neither the field redefinition (25) nor any other change of variable can affect the geometry of the system.
Equations of motion
One imposes δS = 0 in Eq. (26) under a functional variation of the field ϕ → ϕ + δϕ and ends up with the usual equation
corresponding, for a power-law potential V (ϕ) ∝ ϕ n , to
This agrees, via (25) , with Eq. (40). 6 In other fractional models the Laplacian is either non-self-adjoint or a genuine nonlocal fractional operator (e.g., Ref. [47] ), and there is no field redefinition that can reabsorb the measure weight and the nontrivial differential structure.
Energy-momentum tensor
Here we recover the (non)conservation law of the energy-momentum tensor, Eq. (56), for a power-law potential V (ϕ) = λϕ n . Under an infinitesimal coordinate and field transformation δx µ = x ′µ − x µ , δ 0 ϕ(x) = ϕ ′ (x ′ ) − ϕ(x), the variation of the action can be obtained along the same lines of the standard Noether theorem: (27) =ˆd D x ∂ µ δ µ νL + ∂ µ ϕ∂ ν ϕ δx ν − ∂ µ ϕδ 0 ϕ .
(A.
3)
The integrand in the right-hand side is (minus) the divergence of the standard Noether current which, in the case of translations δx µ = −ǫ µ and δ 0 ϕ(x) = 0, is just the energy-momentum tensor for the field ϕ: The nonautonomous potential breaks translation invariance, leading to
Consequently, the energy-momentum tensor is not conserved except in the n = 2 case, and the standard continuity equation is replaced by where the momentum D-vector in the integer picture is defined asP ν :=ˆdxT 0ν = v 0 (t) P ν .
(A.8)
